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Abstract: Combinatorics forms an important chapter in the history of Indian mathematics. The 
tradition began with the formal theory of Sanskrit meters formulated by Pingala in the 2" 
century B.C.E. His recursive algorithms are the first example of recursion in Indian 
mathematics. Pingala's calculation of the binomial coefficients, use of repeated partial sums of 
sequences and the formula for summing a geometric series became an integral part of Indian 
mathematics. This paper systematically traces the extent to which Pingala’s algorithms have 
been preserved, modified, adapted or superseded over the course of one and a half millennia. It 
also addresses Albrecht Weber 's criticism about Halayudha's attribution of the construction of 
what is now known as Pascal's triangle to Pingala. While agreeing with Weber 's criticism of 
Halayudha, this paper also faults Weber's interpretation of Pingala, but shows that the 
construction can still be traced to Pingala. 


1. INTRODUCTION 


After giving an exhaustive account of Sanskrit meters in Chandahsástra in the 2™ century 
B.C.E., Pingala concludes with a formal theory of meters. He gives procedures for listing all 
possible forms of an n-syllable meter and for indexing such a list. He also provides an algorithm 
for determining how many of these forms have a specified number of short syllables, that is, an 
algorithm for calculating the binomial coefficients ,C,. What is striking is that this is a purely 
mathematical theory, apparently mathematics for its own sake. Unlike Panini's Sanskrit 
grammar, Pingala’s formal theory has no practical use in prosody. However, his mathematical 
innovations resonate with modern mathematics. Pingala consistently uses recursion in his 
algorithms, a tradition which stretches from Panini (6^ century B.C.E.) to Aryabhata (5^ century 
C.E.) to Madhava (14" century). Aryabhata provides a sine table which is the same as the table 
of chords of Hipparchus. Both tables rely on triogonometric identities for their construction. 
Aryabhata then proceeds to give a recursive algorithm for generating the same table. The 
algorithm is essentially a numerical procedure for solving the second order differential equation 
for sine and thus necessarily less accurate than the one based on triogonometric identities. 
Madhava follows Aryabhata and develops the power series for sine, cosine and arctangent using 
recursion. 


A remarkable example of the mathematical spirit of Pingala’s work is his computation of the 
powers of 2. He provides an efficient recursive algorithm based on what computer scientists now 
call the divide-and-conquer strategy. Another example is his formula for the sum of the 
geometric series with common ratio equal to 2. It was generalized to an arbitrary common ratio 
by Sridhara (c. 750 C.E.). Curiously, following Pingala, the formula for the geometric series is 


almost always combined with Pingala’s divide-and-conquer algorithm. Even in the 14" century, 
Narayana in Ganitakaumudi repeats Pingala’s algorithm almost verbatim for summing 
geometric series. Sridhara also provided the modern day formula for calculating the binomial 
coefficients which replaced Pingala’s recursive algorithm in Indian mathematics. The prosodists 
still continued to use Pingala's method. Pingala's algorithms were generalized by Sarngadeva to 
rhythms which use four kinds of beats - druta, laghu, guru and pluta of durations 1, 2, 4 and 6 
repectively (Sangitaratnakara, c. 1225 C.E.). In another direction, Narayana developed many 
different series and their applications in Ganitakaumudi (see Kusuba'). 


There is a mystery surrounding Pingala’s computation of „Cx. It is almost universally accepted 
on the authority of Halàayudha (10" century, C.E.) that Pingala’s last sūtra, “pare pürnamiti", 
implies the construction of meru prastara (what is now known as “Pascal’s triangle") for 
computing „Cp. However, except for Virahdnka, none of the authors (from Bharata — 1? century 
C.E. onwards) before Halayudha describes such a construction or even employs the designation 
meru prastara for the construction they do describe. This is strange in view of the fact that the 
algorithms of Pingala have been copied and elaborated by later authors for more than a 
millennium after Pingala. Albrecht Weber? in 1835 commenting on Haldyudha’s interpretation 
flatly declares that “that our author (Pingala) may have had in mind something like meru 
prastara does not follow from his words in any way". Alsdorf? in 1933 asserts that Weber's 
statement has no foundation and that Weber misunderstood Halayudha. He then goes on to 
conjecture, without presenting any evidence, that the repetition of the sūtra “pare purnam’ at the 
end of the composition is a later addition and that it was inserted as a reference to meru prastara 
invented later. Authors from Bharata onwards do describe a construction which yields the same 
triangle. Instead of filling the triangle from the top, they do so diagonally from left to right. 
Although both constructions yield the same triangle, they are algorithmically quite different and 
in fact, Virahanka includes both with evocative names süci (“needle”) prastara and meru 
(“mountain”) prastara. The method described in Bharata’s Natyasastra is based on a technique 
very common among Indian mathematicians, namely, creating a new sequence from a given 
sequence by listing its partial sums. Indeed, summing sequences of partial sums became a 
standard topic in Indian mathematics. Aryabhata provides a formula for the sum of sequences of 
partial sums of the sequence 1,2,3, ---,n which is the binomial coefficient n+2C3. The sum 
1+2+--+n is the binomial coefficient ,.,C». Narayana in the 14" century gave a general formula 
in the form of binomial coefficients for summing sequences obtained by repeatedly forming 
partial sums an arbitrary number of times. Sequences of partial sums were crucial also in 
Madhava's development of infinite series. Natyasastra evidently relies on the work of the past 


*“ Combinatorics and Magic Squares in India, A Study of Narayana Pandita’s Ganitakaumudi, 
Chapters 13-14”, Takanori Kusuba, Ph.D. Thesis, Brown University, May, 1993. 
2? “Ueber die Metrik der Inder”, Albrecht Weber, Berlin, (1863). Translation of quotes from 


Weber provided by Gudrun Eisenlohr and Dieter Eisenlohr. 


“Die Pratyayas. Ein Beitrag zur indischen Mathematik", Ludwig Alsdorf, Zeitschrift für 
Indologie und Iranistik, 9, (1933), pp. 97-157. Translated into English by S.R. Sarma, Indian 
Journal of History of Science, 26(1), (1991) 


masters and the construction must go back to Pingala. None of the prosodists following Pingala 
acknowledges Bharata, but they do acknowledge Pingala. 


This paper systematically traces Pingala’s algorithms through the Indian mathematical literature 
over the course of one and a half millennia. It finds no evidence to support Halayudha's 
interpretation of Pingala’s last sūtra, but still traces the computation of the binomial coefficients 
to Pingala. Especially relevant are the compositions of Bharata and Janasraya which are 
chronologically closest to Pingala. The section on Sanskrit meters in Bharata’s Natyasastra 
(composed sometime between 2" century BCE and 1“ century CE) still has not been translated. 
Words are corrupted here and there and some of verses appear out of order. Regnaud’ in his 
monograph on Bharata’s exposition on prosody concedes that a literal translation is not possible 
and skips many verses without attempting even a loose interpretation. In his 1933 paper on 
combinatorics in Hemacandra’s Chandonusasanam, Alsdorf establishes a loose correspondence 
between Bharata and Hemacandra without translating Natyasastra. The Sanskrit commentary of 
Abhinavagupta (c. 1000 CE) on Natyasastra is spotty and frequently substitutes equivalent 
algorithms from later sources instead of explaining the actual verse. Janasrayi of Janasraya (c. 
6" century CE) is absent from the literature on Pingala's combinatorics. Even in his otherwise 
excellent summary of Indian combinatorics before Narayana, Kusuba barely mentions Bharata 
and does not mention Janasraya. In this paper, we give translations of both works. Even in 
places where the literal text is unclear, its mathematical content is unambiguous. We also give 
translations of Vrttajatisamuccaya of Virahanka, Jayadevacchandah of Jayadeva, 
Chandonusasanam of Jayakirti and Vrttaratnakara of Kedara which have not yet been translated 
into a western language. In the case of Vrttajatisamuccaya, which was composed by Virahanka 
in Prakrta, only its Sanskrit version rendered by his commentator is given. The survey in this 
paper is based on the following primary sources: 



































Date Title Author Translation 

c. 2^ century BCE Chandahsastra Pingala Included 

ae century BCE to 1“ century CE Natyasastra Bharata Included 
c. 550 CE Brhatsamhita Varahamihira | Refer to Kusuba 

c. 600 CE Jandasrayi Chandovicitih | Janasraya Included 

c. 7” century CE Vrttajatisamuccaya Virahanka Included 
c. 750 CE Patiganita Sridhara Refer to Shukla 

c. 850 CE Ganitasarasangraha Mahavira Included 

before 900 CE Jayadevacchandah Jayadeva Included 
c. 950 CE Mrtasanjivani Halayudha_ | Refer to Weber 

c. 1000 CE Chandonusasanam Jayakirti Included 

c. 1100 CE Vrttaratnakara Kedara Included 

c. 1150 CE Chandonusasanam Hemacandra Included 
1356 CE Ganitakaumudi Narayana Refer to Kusuba 
Unknown Ratnamafijusa Unknown | Refer to Kusuba 





““T a Métrique de Bharata”, Paul Regnaud, Extrait des annals du musée guimet, v. 2, Paris, 
(1880). 


The list does not include Svayambhir's Svayambhüchandah and Chandascityuttarádhyaya (20^ 
chapter) of Brahmasputasiddhanta (628 CE) of Brahmagupta. The former does not cover 
combinatorics. Tantalizingly, Brahmagupta's text does contain prosodist's technical terms like 
nastam, uddistam and meru, but the text is too corrupted to make any sense out of it; even the 
commentator Prthudaka skips over it. The list also omits the purdnas because their description is 
essentially identical to descriptions in the sources listed above. Descriptions in Agnipurána and 
Garudapurana are identical and closely follow Pingala’s sütras except that they replace 
Pingala’s prastara (method of listing meters) with a version given in Natyasastra. They also 
assert that the *Jagakriya" (algorithm for computing „Cx) is executed by means of the “meru- 
prastara" without actually describing the algorithm. The description in Naradapurana is almost 
the same as the one in Kedara's Vrttaratnakara. 


Pingala’s algorithms and their modifications by later authors are described in the next section. 
Translations of the relevant sections of the texts listed above are given in Section 3 to provide a 
detailed chronological history. 


2. PINGALA'S ALGORITHMS 
In the following, G denotes a long (Guru) syllable while L denotes a short (Laghu) syllable. 


There are two classes of meters in Sanskrit: 


1. Aksarachandah: These are specified by the number of syllables they contain. The vedic 
aksarachandah, referred to as Chandah, are specified simply by the number of syllables. 
The later aksarachandah, called Vrttachandah, consist of 4 feet (pada), each foot having 
a specified sequence of long and short syllables. 


2. those which are measured by the number of mdtrds they contain. A mātrā is essentially a 
time measure. A short syllable is assigned one matrd while a long syllable is assigned 
two. There are two kinds of these meters. 

(a) Ganachandah: meters in which the number of mdtrdas in each foot (gana) is 
specified. 
(b) Matrachandah: meters in which only the total number of matras 1s specified. 


Pingala's algorithms deal only with the Vrttachandah. These are of three types. Sama (equal) are 
the forms in which all four feet have the same sequence of short and long syllables. In 
ardhasama (half-equal), the arrangement of short and long syllables in the odd feet is different 
from that in the even feet, but each pair has the same arrangement. The forms which are neither 
sama or ardhasama are called visama (unequal). Although Pingala does list ganachandah and 
matrachandah that were employed in prosody at that time, much of their development came at a 
later time at the hands of Prakrta prosodists. Each prosodist after Pirigala has something to say 
about the combinatorics of ganachandah and matrachandah. 


Sanskrit prosodists traditionally identify the following six formal problems and their solutions. 
(called pratyayas). (Pingala does not assign any labels to them.) 





THE SIX PRATYAYAS 








Name Literal Function 
Translation 
Prastara Spread Systematically lists all theoretically possible forms of a meter 


with a fixed number of syllables. 





Nastam Annihilated, Lost | Recovers the form of a meter when its serial number in the list is 





given. 
Uddistam Indicated Determines the serial number of a given form. 
Lagakriya Short-Long- Calculates the number of forms with a specified number of short 
exercise syllables (or long syllables). 
Sankhya Count Calculates the total number of theoretically possible forms of a 
meter. 








Adhvayoga | Space measure | Determines the amount of space needed to write down the entire 
list of the forms of a meter 











We now describe these in detail. 


2.1 Prastara 

Pingala starts with the problem of listing all forms of an n-syllable meter. His recursive 
procedure is as follows. Start with the two forms of the 1-syllable meter: G, L. Then, to obtain a 
list of forms of an n-syllable meter, make two copies of the list of forms of the (n-1)-syllable 
meter. Append G to each form in the first copy and append L to each form in the second copy. 
For example, with n=1, n=2 and n=3, we get 


n=1 n-2 n-3 
G GG GGG 
L LG LGG 

GL GLG 
LL LLG 
GGL 
LGL 
GLL 
LLL 


Later prosodists always used modified versions of Pingala’s prastara. Notice that the first 
column of the list consists of alternating Gs and Ls, the second column has alternating pairs of 
Gs and Ls, the third has alternating quadruples of Gs and Ls and so on. This provided an 
alternate way of constructing the list, column by column, from left to right. Another method is to 
notice the lexicographic order of the forms when read from right to left. Thus, the enumeration is 
begun by writing down n Gs in the first line. Subsequently, scanning the latest form from left to 
right, write L below the first G in the form and copy the rest of the form after its first G. Fill the 
space before the L with Gs. For example, 

GGG 

LGG 

GLG 


LLG 
GGL 
LGL 
GLL 
LLL 
Prosodists later generalized these algorithms to list forms of matra-meters. 


2.2 Nastam 
The next algorithm determines the index (serial number) of a given form in the list. Notice that 
forms with an even index begin with L while those with an odd index begin with G. If we 
remove the first column, what remains is a list obtained by writing every form of the (n-1)- 
syllable meter twice. Therefore, index of the string of letters remaining after removing the first 
letter of a form is half of the original index if it is even and half of original index increased by 1 
if it is odd. To write down the form corresponding to a given index k, write L as the first letter if 
kis even, G otherwise. Divide k by 2 if it is even, add one to it and divide by 2 if k is odd. This is 
now the index of the remaining string. Repeat the process until you have written down all the n 
letters. For example, if k = 6 

6 is even, put L and halve it 

3 1s odd, add 1 before halving, put G 

2 is even, put L, halve it. 

1 is odd, add 1 before halving, put G 
When you reach one, the algorithm produces a series of Gs and 1s continued until the requisite 
number of syllables has been obtained. Thus, for meters of length 3, 4 and 5, you get LGL, 
LGLG and LGLGG respectively in the sixth position. 


2.3 Uddistam 

Uddistam is used to find the index of a given form. Pingala’s algorithm simply reverses the 
process used in nastam. Start with the initial value equal to 1. Scan the given form from right to 
left. At the first L, double the initial 1. From then on, successively double the number whenever 
an L is encountered. If a G is encountered, subtract one after doubling. 


Example: LGLG 
Initially, k-/. 
Start at the last L: LGLG, get k — 2 
The next letter is G: LGLG, Get k = 2x2-1—3. 
The next letter is L: LGLG, Get k = 2x3=6. 


Mathematician Mahavira replaced this algorithm by a method which amounts to an 
interpretation of the string as a binary number. Write down the geometric series starting with one 
with common ratio equal to 2 above the syllables of the form. (Effectively, he wrote down above 
each letter its positional value in terms of the powers of 2.) The index is then one plus the sum of 
the numbers above all Ls in the string. This is the closest Indian mathematicians came to 
inventing binary numbers. Later prosodists with the exception of Hemacandra follow Mahavira. 
This method was probably known as far back as the 1* century. Bharata’s Verse (121) given in 
the Section 3.3.2 seems to outline this method. 


2.4 Lagakriya 

Lagakriyà, answers the question: Out of all the forms of an n-syllable meter, how many have 
exactly k syllables? In modern notation: how to calculate the binomial coefficient „C? All 
modern authors seem to have accepted Halayudha's attribution of the original algorithm to 
Pingala, but it is hard to see any connection between the words of the sūtra cited by Halayudha 
and his interpretation that it is Pirigala's algorithm for calculating „Cx. The sūtra by itself has no 
information for carrying out the construction described by Halayudha. One of the main 
objectives of this paper is to settle this mystery by tracing the history of this algorithm through 
the available works of all the prosodists before Halayudha. It will be shown that the original 
algorithm can be traced to Pingala, but not to the sūtra cited by Halayudha, but another sütra 
which he seems to omit or is unaware of. Halayudha claims that the last sūtra of Pingala refers 
to meru-prastara (Pascal’s triangle). Here are Pingala’s last two sutras: 


pare purnam “next, full” 
pare pürnamiti “next, full, and so on” 


The two sütras are identical except that the second has iti (“and so on") appended to it. 
Halayudha correctly interprets the first sūtra. It is the formula: twice the number of forms of a 
meter equals the number of forms of the next meter. Pingala writes “full” instead of “twice” 
because the formula in the previous sūtra subtracts 2 from the doubled number. The word 
pürnam tells us to restore the diminished double to its original full value. Even though the last 
sutra is identical, Halayudha inteprets it as an instruction to construct the meru (a mythical 
mountain) for calculating the binomial coefficients. He then gives detailed instruction for the 
construction: 


“First write one square cell at the top. Below it, write two cells, extending half way on both 
sides. Below that three, below that again, four, until desired number of places (are obtained.) 
Begin by writing 1 in the first cell. In the other cells, put down the sum of the numbers of the two 
cells above it. =” 

Thus, for n=6, we get the following table: 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


The numbers in the bottom row are the number of forms with 0, 1, 2, 3, 4, 5 and 6 Ls 
respectively. 


Weber who totally rejects Halayudha's attribution translates the two sūtras together as: 


“The following (meter comprises) the full (twice the sum of the combinations of the previous 
meter without subtracting 2).” 


Itis hard to argue against Weber's interpretation which is what the actual words are saying or to 
find evidence to support Alsdorf's argument in defense of Halayudha. It is very likely that 
Halayudha based his claim on an earlier source, but the only reference I could find is a mention 
in Agnipurana and Garudapurdna which have the following half-verse: 


pare pürnam pare pürnam meruprastaro bhavet| 
“next full, next full, meru prastara is created" 


These puranas are the only place where Pingala’s phrase, pare purnam pare purnam, appears 
again. Since purdnas are compiled perhaps by several authors over centuries, Halayudha's 
source probably goes quite far back, but seems lost. Still, I don't see any way to justify 
Halayudha’s interpretation after reading all the available sources. The most reasonable 
interpretation of the repetition of the phrase pare pürnam is that it is the standard Sanskrit usage 
for indicating a repeated action. So the two sutras together just mean the recursive formula $,.; = 
25, where S, is the total number of forms of the n-syllable meter. 


I think the computation of binomial coefficients can still be traced back to Pingala. There is a 
sutra quoted by Weber from the Yajur recension of Pingala’s Chandahsastra which does exactly 
that. Halayudha seems to be unaware of this, for it does not appear in his text. The sūtra in 
question is the following: 


ekottarakramasah | pürvaprktà lasamkhya || (23b) 
Weber couldn't get any coherent sense out of this. He translates the sūtra as follows: 


"Step-by-step always by adding one, the number of /a is always combined with the previous 
(number).” 


He then comments: “The ‘number of la (referring to the last word /asamkhya in the sūtra Y can 
only mean the number of combinations, which for each of the following meter is twice that of the 
preceeding. This meaning of ‘la’ is no more provable than the required meaning (of ‘/a’) in Rule 
22 (sūtra 8.22) as ‘syllable’. Also the phrase pürvaprkta (in the sūtra) is not suitable to designate 
this doubling. Furthemore, the description of this doubling is expressly found in Rule 33 (sütra 
8.33) below. This mention here is strange. For the time being, I cannot see another explanation 
for the Rule 23b than the one given above. It is interesting to compare Kedara's (6.2-3) 
description with this. =.” Weber then goes on to describe the prastara algorithm given in 
Kedara’s Vrttaratnakara (verses 6.2, 6.3) which makes even less sense. Van Nootan? accepts 
this suggestion and offers Kedara’s method of enumeration as a clearer version of Pingala’s 
sutra. 


°“Binary Numbers in Indian Antiquity", B. van Nooten, Journal of Indian Philosophy, 21, pp. 
31-50, (1993). 


I will try to show that this cryptic sūtra actually describes /agakriya. It literally translates as 
follows: 


ekottara = “increasing by one". kramasah = “successively, step by step, sequentially". 
purvaprkta = “mixed with the next". Jasamkhya = *L-count". 


In order to decipher this, consider a more detailed version in Natyasastra: 


ekadhikam tathà samkhyam chandaso vinivesya tu | 

yavat purnantu purvena purayeduttaram ganam || (124) 
evam krtvà tu sarvesam paresam purvapuranam | 
kramannaidhanamekaikam pratilomam visarjayet || (126) 
sarvesàm chandasamevam laghvaksaraviniscayam | 

janita samavrattanam samkhyam samksepatastatha || (127) 


“Put down (a sequence, repeatedly) increased by one upto to the number (of syllables) of the 
meter. 

Also, add the next number to the previous sum until finished. 

Also, after thus doing (the process of) addition of the next, (that is, formation of partial sums) of 
all the further (sequences), 

Remove one by one, in reverse order, the terminal (number) successively. 

Of all meters with (pre)determined (number of) short syllables 

Thus know concisely the number of sama forms" 


What is striking is the close correspondence between the key words in Pingala 's sūtra and the 
phrases in Bharata's verses. Pingala 's sütra begins with the word ekottara while Bharata begins 
with the word ekadhikam’. Both terms are used by medieval mathematicians to indicate 
arithmetic series with common difference equal to one (eka). The rest of the first line in 
Bharata's verses specifies the length of the sequence which Pingala does not mention explicitly. 


Pingala 's compound purvaprkta parallels Bharata's phrase, purvena pürayet in the second line 
and more closely, to its compound version, pürvapürafiam in the third line. Pingala and Bharata 
both employ the term pürva. It has a multitude of meanings, but what makes sense in the present 
context is the interpretation "in front or next". prktà is the past passive participle of prc which 
means "to mix or to join". It modifies the noun /asamkhya. Bharata employs the verb pr (to fill, 
to complete, to make full) and uses its derivatives pürayet and puranam. pürayet is the causative 
(optative mode) of pr while pūrañam is a derived noun meaning the act or the process of filling. 
In the context of arithmetic, both prc and pr may be interpreted to mean "to add". 


Bharata's second line explains the process of purvapuranam: “yavat (until) purnam (completed) 
tu (also) purvena (with the next) pürayet (fill) uttaram (the previous) ganam (sum).” The third 
line of his algorithm then employs pürvapürafiam repeatedly to construct sequences of partial 


ê The texts of Regnaud and Nagar have the word ekadikám (numbers beginning with one) instead 
of ekadhikam (numbers increasing by one) which is what Alsdorf has. 


sums: “evam (thus) krtvà (after doing) tu (also) sarvesam (of all, every) paresam (further, 
beyond) purvapuranam (the process of adding the next). 


Pingala uses purvaprkta in place of pūrvapūrañam and omits the detail of Bharata's second line. 
He also employs kramasah (step by step) instead of Bharata's phrase sarvesam paresam to 
indicate a repeated action. With these identifications, Pirigala 's kramasah pürvaprktà becomes 
equivalent to Bharata's third line. It tells us to repeatedly calculate sequences of partial sums. 


Clearly, Pingala's designation /asamkhya must refer to the number of forms with the specified 
number of Ls, that is, Bharata's last two lines. The whole sūtra may now be interpreted as 
saying: “The number of forms with the specified number of Ls is obtained by the process of 
repeatedly calculating the partial sums of the intial sequence 1,2, ---,n.” The detail about 
systematically stripping the terminal partial sums given in Bharata's fourth line is missing. 


Following Bharata's recipe, with n = 6, we get the following table: 


6 

5 15 

4 10 20 

3 6 10 15 

2 3 4 5 6 
1 1 1 1 1 I 


Read from bottom to top, each column consists of partial sums of the sequence in the previous 
column. The last partial sum in each case is omitted. The numbers 6, 15, 20, 15, 6 and 1 along 
the diagonal are numbers of forms with 1, 2, 3, 4, 5 and 6 Ls respectively. 


The recursive procedure rests on the fact that the forms with k short syllables of an n-syllable 
meter may be obtained by appending L to the forms with (k-71) short syllables of the (n-1)- 
syllable meter and appending G to its forms with k short syllables. That is, nCk = n-1Cx + n-1Cx-1 if 
k<n. Of course, »Cn=1. In Pingala's scheme, this is represented as successive partial sums. The 
first squence is 1C1, 2C1, 3C1, ^ nC; which is the first column in the example above. The second 
sequence 2C2, 3C», 4C2, ^: nC2 consists of the partial sums of the first sequence except the last 
partial sum. Later authors began the process by initially putting down a sequence of 1’s 
(symbolically, the sequence oCo, 1Co, 2Co, ** nCo) instead of the sequence 1,2,3,---,n. What is 
depicted is just a rotated Pascal’s triangle. 


The first time we see the kind of construction described by Halayudha is in Virahanka's 
Vrttajatisamuccaya (7^ century). Virahdnka gives two ways of constructing this triangle: the 
first is the method of partial sums described above and calls it suci prastara (“needle spread"). 
The second is the meru construction described by Halayudha except that Virahanka starts with 
the top row consisting of two cells. He instructs us to construct a table with two cells in the first 
row, three in the second, four in the third and so on. (Each row is implicitly assumed to be placed 
below the one above with an offset so that each cell straddles two cells of the row below.) In the 
top row, write the numeral 1 in each cell. In each of the other rows, write 1 in the end cells and in 
the rest of the cells, write the sum of the two cells above it. 


10 


Mathematicians soon adopted the combinatorial problem of choosing k objects out of n as a 
standard topic in Indian mathematics and illustrated it with a wide variety of examples. 
Varahamihira (Brhatsamhita, Adhyaya 76, Verse 22) extended the procedure and outlined a 
method for listing the actual „Ck combinations. Ratnamafijusa quotes an algorithm by an 
unnamed author for listing the serial numbers of „Ck combinations. Beginning with Sridhara in 
the 7” century, mathematicians started using the modern fomula for calculating 4C; : 


|. n(n-D)(n-2y-(n-k«l) 





n Ck 


2.5 Sankhya 

Pingala uses recursion also in his fifth algorithm which calculates the number 5, of all possible 
forms of a meter. He notes that the number of forms of the n-syllable meter is twice the number 
of forms of the (n-1)-syllable meter. One can calculate S, simply by repeated doubling, but 
Pingala gives a recursive method for calculating 2^ which rests on the fact that if n is even, 
2"-(2"?Y* So the recursion is: if n is even, 2"-(2"?)? and if n is odd, 2"=2:2°, Pingala sets it up 
as follows: 


dvirardhe| rüpe sünyam| dvih sünye| tavadardhe tadgunitam| 

“two in case of half. (If n can be halved, write ‘twice’.) 

In case one (must be subtracted in order to halve), (write) ‘zero’. 

(going in reverse order), twice if ‘zero’. 

In case where the number can be halved, multiply by itself (that is, square the result.)” 


For example, with n = 6: 
Construct the first two columns in the table below and then going back up, construct the third: 


n=6 twice (2:2°) = 64 
n=3 Zero 2:0 — 8 
n-2 twice 2524 

n-l zero 2 


Thus, total number S; of possible forms of length 6 is 64. 

The prosodists later added another method: S, is equal to the sum of all the numbers obtained by 
lagakriya. More importantly, Virahanka extended the recursion to the computation of the 
number of forms of matra-meters: S = Sn-1+ S,» which of course generates what is now known 


as the Fibonacci sequence. 


Pingala abstracts the fact that the list of forms of an n-syllable meter contains lists of forms of all 
the meters with fewer syllables and presents it as the sum of a geometric series: 


dvirdvünam tadantanam| 


"twice two-less that (quantity) replaces (the sequence of counts) ending (with the current 
count)." 
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That is, 2$, — 2 = Si + S5 ++ + S,. More explicitly, 2:2™ 2 = 2! - 2? & -= +2", a formula for 
summing a geometric series. 


Mathematicians from Sridhara on incorporated geometric series as an integral part of 
mathematics. Their formula is always coupled with Pingala’s recursive algorithm for computing 
powers, attesting to the lasting influence of Pingala on Indian mathematics. For example, here is 
a quote from Sridhara in the 7^ century: 


visame pade nireke gunam same rdhikrte krtim nyasya | 
kramaso rupasyotkramaso gunakrtiphalamadinà gunayet || (94) 
pragvatphalamadyünam nirekagunabhajitam bhaved ganitam| (95-1) 


“When the number of terms (of the series) is odd, subtract 1 from it and write ‘multiply (by the 
common ratio)’. When even, write ‘square’ after halving it. (Continue this) step by step (until the 
number is reduced to zero). Starting with 1, step by step in reverse order, multiply (by the 
common ratio) and square the number (as the case may be), multiply the final result by the first 
term. (The result is the next term in the series.) The result obtained as above, diminished by the 
first term of the series and then divided by the common ratio diminished by one is the sum." 


Thus, we get the fomula 


1 

^ „ ar™* -a 

atar+ar +: +ar BER 
ÉFK-— 


Narayana in the 14" century has the same formulation: 


visame pade virtipe gunah same ’rdhikrte krtiscantyat| 
gunavargaphalam vyekam vyekagunaptam mukhahrtam ganitam|| 


“When the number of terms (of the series) is odd, subtract 1 from it and write ‘multiply’ (by the 
common ratio). When even, write *square' after halving it. The result obtained by multiplying 
and squaring in reverse order starting from the last, diminished by one, divided by the common 
ratio diminished by one and (finally) multiplied by the first term is the sum." 


2.6 Adhvayoga 

The last algorithm is a strange computation of the space required to write down all the forms of a 
particular meter. Allowing for a space between successive forms, the space required is twice the 
number of forms minus one. Jana$raya sets the width of each line equal to the width of a finger 
and calculates that the space required to write down forms of the 24-syllable meter is 33,554,431 
finger-widths or about 265 miles. Clearly not a practical proposition! One has to assume that the 
calculation is meant to demonstrate the immensity of the list. 
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3. TRANSLATIONS 


In the following, the translations appear in quotes. Comments in parantheses are added to clarify 
the meaning. The numbering of the verses is the same as their numbering in the primary sources 
listed at the end of this section. 


3.1 PRASTARA 


3.1.1 Pingala 
dvikau glau | (8.20) “Double GL-pair.” 


We get the following: 


Eo ro 


misrau ca | (8.21) “(the pair of GLs) mixed and." 


Mixing GL-pair with another GL-pair results in GGLL. This is then placed in the second 
column. The result is: 

GG 

LG 

GL 

LL 


prthag (g?)là misrah | (8.22) “Repeatedly GLs mixed." 


GGG 
LGG 
GLG 
LLG 
GGL 
LGL 

GLL 
LLL 


vasavastrikah | (8.23) “eight triples." 


These are the 8 triples listed above. Pingala names (codes) these triples as m, y, r, s, t, j, bh and 
n respectively. 


Pingala does not give a procedure for enumerating forms specified by fixing the number of 
matras, that is, the matrachandah, but merely lists the five possible forms of 4-mdtra feet, 
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reflecting the fact that most of the development of matrachandahs occurred much later, mostly 
under the influence of prakrta poetry. The five forms are given by the following sūtra. 


gau gantamadhyadirnlasca| (4.13) *G-pair G-end-middle-first nL and." 


That is, GG, LLG, LGL, GLL, LLLL. Note n in nL means the triple LLL according to 
Pingala's code. 


Later algorithms adapted for matra-chandahs produce the list in the same order. 


3.1.2 Bharata 


etesam chandasam bhüyah prastaravidhisamsrayam | 
laksanam sampravaksyami nastamuddistameva ca || (112) 


“I will now speak comprehensively of combinations (generated) by the prastara procedure (or 
rule), the index (serial number), nastam and also uddistam of these meters." 


prastaro 'ksaranirdisto matroktasca tathaiva hi | 
dvikau glaviti varnoktau misrau cetyapi matrikau || (113) 


“prastara specified by syllables and similarly also indeed spoken of by matra. 
‘Double pair GL’ spoken-of-syllable pair, ‘mixed and’, also matrika pair.” 


The first line clearly refers to the two kinds of prastara. The second line quotes Pingala’s first 
two sutras, “dvikau glau” and “misrau ca”, as a reference for syllable-based prastara and then 
adds “api matrikau” which seems to suggest that syllable pairs are to be replaced by matrika 
pair. Abhinavagupta agrees, but adds that this should be done within the constraint of the 
specified numbers of matras. He then describes a mdatrd-prastara which is essentially the one 
given by Virahanka. This is a procedure which is a modification of Bharata’s first prastara 
given below (verses 114 and 115) which, in turn, is quite different from Pingala’s version. In 
particular, it does not follow the formula: “Double pair GL, mixed and". The term matrika is 
usually taken to mean “containing one mátrá". For example, Jayadeva in the 10" century writes: 
“matriko Irjuh” (1.3), *matrika L (that is, L containing one matra) (is a) straight (line)". 
However, this interpretation does not seem to fit here. Another possibility is to interpret matrikau 
to mean “turned into or adapted to matra" and try to adapt Pingala’s “dvikau glau, misrau ca” 
construction to a matrd-prastara. To construct the prastara of a n-mátrà meter, instead of 
appending Gs and Ls to two copies of the prastara of the (n-1)-syllable meter, we are forced to 
append L to the prastara of (n-1)-mdtrd meter and append G which is worth 2 matras to the 
prastara of the (n-2)-màtrà meter. With this, we get the following: 


n-l 
L 
n-2 
G 
LL 
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n-3 
LG 
GL 
LLL 


GG 
LLG 
LGL 
GLL 
LLLL 


and so on. Notice that the list for n=4 is exactly the one given by Pingala. 


The verses (114) and (115) below describe the first version of Bharata's prastara while the verse 
(116) describes the second. 


guroradhastadadyasya prastare laghu vinyaset | 
agratastu samadeya guravah prsthtastathda || (114) 
prathamam gurubhirvarnairlaghubhistvavasanajam | 
vrttantu sarvachandassu prastaravidhireva tu || (115) 


“Below the first G in the prastara, put down L 
Further (1.e. after L) also, the same (as the combination above) to be bestowed, but Gs behind 
(i.e. before L) thus." 


“The first form (is filled) with syllable Gs, but the last with Ls. 
Thus (is) the prastara procedure in the case of all meters.” 


The enumeration is begun by writing down n Gs in the first line. Subsequently, to write down the 
next combination, write L below the first G in the line above and copy the rest of the line after 
its first G. Fill the space before the L with Gs. For example, 

GGG 

LGG 

GLG 

LLG 

GGL 

LGL 

GLL 

LLL 


An alternate version is: 


gurvadhastallaghum nyasya tatha dvidvi yathoditam | 
nyasyet prastaramargo yamaksaroktastu nityasah || (116) 


*G below L to be put down thus repeatedly doubled as has been said 


15 


put down this course of prastara (when) syllable-specified, always." 


In the first column, write down Gs alternating with Ls. In the second column, write two Gs 
alternating with two Ls. In the third column, write four Gs alternating with four Ls. Continue to 
fill the successive columns by double the number of Gs alternating with double the number of Ls 
. This produces the following: 


GGGG... 
LGGG... 
GLGG... 
LLGG... 
GGLG... 
LGLG... 
GLLG... 
LLLG... 


Once the required number of syllables is reached, it is clear how many rows are to be retained. 
For example, for meters of length of two, only two columns are needed and only four rows need 
to be retained since subsequent rows are copies of the first four. 


matrasamkhyavinirdisto gano matravikalpitah | 
misrau glaviti vijfieyau prthak laksyavibhagatah || (117) 


“A foot (gana) specified by the number of mdtrdas is a matra-combination 
Knowing *mixed GL’, (apply) repeatedly according to intended apportionment.” 


This verse may be just to reinforce what is indicated in verse (113). Alternately, it suggests that 
the first method may be used for matra-meters as well provided that syllables are adjusted to get 
the correct number of matras. This is how the later prosodists adjust this algorithm to list forms 


of a matra-meter. 


matragano guruscaiva laghuni caiva laksite | 
aryanam tu caturmatraprastarah parikalpitah || (118) 


"(Forms of) a matra-foot (consiting of) G and two Ls, having been attended to, 
also (obtain) (the meter) Arya's four-matra-prastara by combinations.” 


The meaning is clear. Arya uses feet consisting of four mdtras. 


gitakaprabhrtinàntu pancamdatro ganah smrtah | 
vaitaliyam puraskrtya sanmatradyastathaiva ca || (119) 


(meters) Gitaka’s and Prabhrti’s five-matrà feet also, (as) recounted, 
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(meter) Vaitaliya placed in front (i.e. beginning with Vaitaliya), (feet classes) beginning with 6- 
matra (feet) similarly, and.” 


Here, clearly an open-ended list of feet of increasing lengths is indicated. 


trvaksarastu trikà jfieyà laghugurvaksaranvitah | 
matraganavibhagastu gurulaghvaksarasrayah || (120) 


“Three-syllable (feet), triples, known by L-G syllable combination. 
Matra feet classes also syllables G-L dependent.” 


3.1.3 Janasraya 


(Janàsraya denotes long syllables as ‘bha’ and short syllables as ‘ha’. After stating each sūtra, 
Janàsraya also provides a commentary.) 


prastarah (6.1) “Prastara” 
adye bhà (6.2) “At the beginning, Gs.» 


sarvesam chandasamadye vrtte gurava eva bhavanti | etaduktam bhavati | sarvesam 
chandasamarica vrttam sarvagurviti | 


“Only Gs occur in the first form (in the listing) of all meters. This is what is said. All Gs in the 
first form of all meters. (GGGG...)" 


adau hà (6.3) “In the first place, L.” 


sarvaguruvrttamadyam krtvà tato dvitiyasya vrttasya chedane dvitiyavrttadau laghurekah karya 
iti | 


“After creating all-G first form, then, dividing the second form (into two parts), place one L at 
the beginning of the second form." 


pürvavacchesam (6.4) “The remainder (the rest) as before.” 


dvitiyavrttadau laghumekam krtvà tato nantaramupari nyastam pürvavrttamiva sesam kurydt | 
sesamiti kriyamanavrttasesam | idam prastaranetradvisutrayuk sarvesam chandasam yuk 
vrttaprastare yojyam | 

“After placing one L at the beginning of the second form, then, next (to L), the remainder is 
made up just like the previous form placed above. ‘remainder’ means making up the remainder 
(after the first L) of the form. Such a two-piece union as prastara lead (leading piece, LGGG...) 
must be employed in even (numbered) forms of the list in the case of all meters." 


bhahatulyah (6.5) “GL to be balanced." 


17 


atha trttyavrttasya chedane purvavacchesam krtvà parisamapte dvittye vrtte 'tha trttyasya 
chedane trtiyavrttadau guru dvitiyavrttadivat tulyasmkhyah karyah | 


“Now, dividing the third form (into two parts), as before, make the remainder as the completion 
of the second form, thus, in the division of the third form, in the beginning of the third form, G, 
(then), put (copy) the requisite number of syllables like (from) the second form. (GLGG...)” 


iti ha (6.6) “Thus L." 


atha trttyavrttadau pürvavrttalaghusmkhyam gurum krtvà tesam gurunamanantaram ha iti 
laghurekah karya iti | 


“Thus, at the beginning of the third form, convert the sequence of Ls in the previous form into 
G, after those Gs, place a single L. (This instruction applies to all the forms from now on.)" 


sesam pürvavat (6.7) “remainder as before." 


sesamiti kriyamanavrttasesamityarthah | pürvavaditi 
anantaramuparinystavrttasutravadityarthah | etaduktam bhavati | 
anantaramatitavrttalaghugurusamkhyam gurulaghuvinyasam kuryáaditya- rthah | idam 
trtiyaprastaranetram trisüktayuktam sarvesamyugvrttaprastare yojyah | abhyam 
prastaranetrabhyam kramaso vivartamanabhyam sarvesam chandasam caturthadisu 
yugayugvrttesu prastaravidhih karyah | asarvalaghuvrttadarsnadesa sarvesam chandasam 
prastaravidhih | 


“ ‘remainder’ means making up the remainder of the form. ‘as before’ means the piece next (to 
the just written L), from the form placed above. This is what is said. Put down G L (syllables) 
counting up L G (syllables) of the form above next (to the just written L). (In the next sentence, I 
think tristiktayuktam should be tristitrayuktam meaning union of 3 pieces (cf. 6.4). Then, the 
sentence translates as:) this three-piece union leading the third form should be employed for all 
odd numbered forms. The prastara procedure of all meters should be performed by having these 
two prastara leading terms alternately in even and odd forms, beginning with the fourth form, 
until the all-L form is seen, this (is) the prastara procedure of all meters." 


ayamanyah krama| 
“Here is another procedure.” 


bhahau misravadho 'dhah (6.8) “G L, mixed, (repeatedly) one below the other." 


didrksitasya chandasah vrttanam pramanasamkhya labdha yavattavattau gurulaghumisre 
ekantaritau karyavadho 'dhah | 


“After obtaining the total number of forms of a desired meter, mixing long and short (syllables), 
do (put down) as many alternating (G and L) pairs (as the total number of forms.)” 
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bhau bhau pare (6.9) “two Gs, two Gs, next." 


tesam tatha nyastánàm parato dvau gurulaghü cadho’dhah karyau | ptirvamekantaritanyasta- 
gurulaghusamkhyapramanaprapteriti tadviparita ityanuvartate | tatha nyastanam tesam parato 
dvigunam dvigunam guravo laghavascadho 'dhah karyah | achandoksarapramanaparisamapte- 
rityuktamevartham nirüpayisyamah | adyà dvigunakriya catvaro guravasca laghavasca 

tato 'sthaveva dvigunadvigunavrddhim sarvesam chandasamacchandoksaraparisamapteriti | 


"After putting down those (referring to 6.8), put down next pairs of Gs and pairs of Ls, 
repeatedly one below the other. (In the next sentence, the exact meaning of tadviparita is unclear, 
but it says something like:) Having obtained the total number from the alternating GLs put down 
earlier, (the new column) follows the previous form modified. Having put these down thus, put 
down repeatedly doubled Gs and Ls, one below the other (in successive columns.) This 
procedure is completed when the number of syllables is reached, (the number of columns equals 
the number of syllables); we wish to indicate that this is the meaning of what is said. Doubling in 
the beginning, four Gs and four Ls, and then, eight of the two, repeatedly increased by doubling, 
completed when the number of syllables is reached, (thus) for all meters." 


3.1.4 Virahanka 


ye pingalena bhanita vasukimandavyacchandaskarabhyam | 
tatah stokam vaksyami chatodari satprakaraih || (6.1) 


“O Slim-waisted, I will describe the gist of what was taught by Pingala and the prosodists 
Vasuki and Mandavya by means of six procedures." 


prastara ye sarve nastoddistam tathaiva laghukriyam | 
samkhyamadhvanam caiva chatodari tatsphutam bhanamah || (6.2) 


“O Slim-waisted, we reveal all those, prastara, nastam, uddistam, laghukriya, samkhya and 
adhva.” 


sucirmerupatakasamudraviparitajaladhipatalah | 
tatha salmaliprastarah sahito viparitasalmalina || (6.6) 


“Thus, Süci, Meru, Pataka, Samudra, Viparita-jaladhi, Patala, Sàlmali and Viparita-salmali 
prastara.” 


Virahanka describes 8 different ways of enumerating meter variations. The first two are the two 
versions of Lagakriya. Süci is Pingala’s Lagakriya while meru construction is exactly what is 
now called the Pascal’s triangle. Pataka and Samudra are the two methods of listing all the 
forms of a meter given by Bharata. Virahanka also tells us how to modify these in order to 
enumerate the forms of Matrameters. Viparita-jaladhi is the procedure for listing the forms in 
reverse order. Patala lists the total number of permutations of a meter, the combined number of 
syllables in all the permuations, the combined number of mdtrds, the combined number of Ls 
and the combined number of G's. Sa/mali tabulates in each line the number of Ls, the number of 
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syllables and the number of G's in each of the variaions of a Matra-vrtta. Viparita-salmali 
produces the same table in reverse order. 


maniravamalakaro dvigunadvigunairvardhitah kramasah | 
sthapayitavyah prastaro nidhanardhamaniravardhasca || (6.13) 


(Pataka) “Prastara is established by (first) making a garland of G, L (that is, create a column of 
alternating G, L.), (then) repeatedly doubling step-by-step, (that is, the second column of 
alternating pairs GG, LL the third column of alternating quadurplets of GGGG, LLLL and so 
on), half of the syllables put down are G, and half are L.” 


dvitiyardhesu kvapi diyate sparso ’pyantimaschate | 
teneyam prastare vrttanam kriyate ganana || (6.14) 


“O slim one, in the second half, place L everywhere as the last syllable. In this way, construct the 
prastara of vrtta-meters.” 


ratnani yathecchaya sthapayitva mugdhe sthapaya prastaram | 
tavacca pindaya sphutam sparsah sarve sthita yavat || (6.15) 


(Samudra) “O bewildered! After placing as many G as required, establish the prastara by 
assembling (forms) until (the form with) L placed is seen everywhere.” 


prathamacamarasyadhah sparsah purato yathakramenaiva | 
marge ye parisistah katakaistan püraya || (6.16) 


"Successively (line-by-line), (put down) L below the first G; after it, the same as the line above; 
fill the remaining portion of the line with Gs." 


esa eva prastaro matravrttanam sadhitah kimtu | 
matra yatra na püryate prathamam sparsam tatra dehi || (6.20) 


“prastara of matrameters also is achieved similarly, except that whenever a form does not have 
the full complement of matras, supply (the necessary number of extra) Ls at the beginning of the 
form." 


By this method, we get the following forms for the 4-matra foot: 
GG 
LLG 
LGL 
GLL 
LLLL 


Here, the italicized L is the L supplied to make up for the matra deficit. 
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3.1.5 Mahavira 


chandassastroktasatpratyayanam sutrani 
“sutras pertaining to six algorithms as announced in chandas-sastra.” 


samkhyà visamà saika dalato gurureva samadalatah | 
syallaghurevam kramasah prastaro 'yam vinirdistah || (5.334) 


"Sequentially (starting with one and going upto the samkhya), if the number is odd, add one, 
divide by two and let it be G. If it is even, divide by two and let it be L. (Continue until the 
requisite number of syllables has been written down.) This describes the method of 
enumeration." 


Mahavira does not see any need for Pingala’s separate prastara algorithm. He applies the 
nastam algorithm to numbers from one to the total number of forms to generate the full list of 
forms of a meter. 


3.1.6 Jayadeva 


prastaro nastamuddistamekadvitrilaghukriya | 
samkhyà caivadhvayogasca sadvidham chanda ucyate || (8.1) 


“A meter is associated with six procedures, (namely) prastara, nastam, uddistam, 
ekadvitrilaghukriya (lagakriya), samkhya and adhvayoga.” 


sarvatraivacchandasi samsthapyadau samastaguru vrttam | 
adyasya tatra guruno laghu krtvadhah samam sesam || (8.2) 


“In the case of all meters, put down at the start the form with Gs everywhere. Then, below the 
first G, write L and the rest (after it) as (what 1s) above." 


vidhimetameva kuryadbhüyo 'pyadim ca pürayedgurubhih | 
iti yavatsarvalaghu prastare vrttavidhiresah || (8.3) 


"And follow this procedure repeatedly. Fill in the initial portion (before the L) with G's until 
(you have reached) the form consisting of all Ls in the enumeration. This is the procedure (for 
enumerating all forms.)" 


3.1.7 Jayakirti 


gananam pratyayanam ca mukhyah prastara eva sah | 
tasmatprastarasitram taddhyekam sarvatra drsyate || (8.1) 


“Among algorithms for (meter) feet, the first is prastara. Its sūtra is seen to be the same 
everywhere." 
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guroradhastallehumaditah ksipetparam likhedürdhvasamam punastatha | 
pascatyakhandam guruna prapürayedyavatpadam sarvalaghutvamapyate || (8.2) 


“First, write L below the first G, followed by a copy of what is above. Fill the initial portion 
(before the newly written L) with Gs. Repeat this until the form with all L is obtained." 


vinyasya sarvagurvekadvicatuskansamardhasamavisamamhrin | 
prastarayetprthakprthagiti kramat vrttavidhirayam prastarah || (8.3) 


"After writing down one, two or 4 feet consisting of Gs in the case of sama, ardhasama or 
visama meter, enumerate by repeating thus (the procedure described above) step by step. This is 
the prastara for the entire meter." 


ekaikenantarita prastaraprathamapanktiriha gurulaghuna | 
tattaddvigunitagalatah kramaddvittyadipanktayo 'ntaritah syuh || (8.4) 


(Alternate prastara) “The first column of the enumeration consists of alternating G and L. The 
other columns beginning with the second are filled by alternating groups of Gs and Ls, the 
number of syllables in each group twice the number in the previous column." 


ardhasamaprastare samdrsyante samardhasamavrttàni | 
visamaprastare 'tra tu samàrdhasamavisamavrttarüpanyakhilam || (8.5) 


“The ardhasama forms enumerated in this way include the sama forms. The visama forms 
include all the sama and ardhasama forms.” 


jatinamapi caturah padanvinyasya sambhavatsarvagurin | 
prastarayediti pragganasambhavamapi laghuprayogam jnatva || (8.6) 


“Even in the case of matrameters, the clever after writing down feet with all G’s, carries out 
prastara knowing that (they have to) occasionally employ an initial L.” 


3.1.8 Kedara 


pade sarvaguravadyallaghum nyasya guroradhah | 
yathopari tathà sesam bhüyah kuryadamum vidhim || (6.1) 


tine dadyad gurünyeva yavatsarvalaghurbhavet | 
prastaro 'yam samakhyataschandovicitivedibhih || (6.2) 


(forms of a single foot). “Below the first G of the foot consisting of all Gs, put down L. 
Repeatedly, make the rest same as what is above. This is the procedure. Supply Gs when missing 
(syllables) (i.e. before the L.) (Continue) until (the form consisting of) all Ls is created. The 
experts in Chandahsastra call this prastara.” 
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3.1.9 Hemacandra 


atha prastaradayah sat pratyayah || (8.1) 
“Now the six algorithms beginning with prastara." 


prakkalpadyago 'dho lah paramuparisamam 
prak pürvavidhiriti samayabhedakrdvarjam prastarah || (8.2) 


“Below the first G of the previous form, (place) L. Beyond, the same as above. Before (the just 
written L), same procedure as before (i.e. write Gs). Avoid (forms) which differ from the rules 
(For example, when treating ardhasama forms by this method, avoid sama forms which are also 
created during the process.) (Thus is) prastara.” 


glavadho 'dho dvirdviratah || (8.3) 


“The pair G L repeatedly (copied) one below the other. Thereafter, double repeatedly.” 
(This is the alternate version: The first column consists of alternating G L, the next 
alternating GG LL and so on.) 


3.2 NASTAM 

3.2.1 Pingala 
lardhe|(8.24) “In case of half, L.” 
In case the given number can be halved, put L. 
saike g| (8.25) “In case (combined) with one, G." 
In case it is necessary to add 1 in order to halve, put G. 
Example: n = 6 

6 is even, put L and halve it 

3 1s odd, add 1 before halving, put G 

2 is even, put L, halve it. 

1 is odd, add 1 before halving, put G 
When you reach one, the algorithm produces a series of Gs and is continued until the requisite 


number of syllables has been obtained. Thus, for meters of length 3, 4 and 5, you get LGL, 
LGLG and LGLGG respectively in the sixth position. 


3.2.2 Bharata 


vrttasya parimanantu chitvardhena yathakramam | 
nyasellaghu tathà saikam aksaram guru capyatha || (128) 
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"according to the rule, when dividing the meter's measure (serial number) into half, put down L, 
but with one (that is, if one is added to be able to halve the number), syllable G." 


3.2.3 Janasraya 


J 


nastam (6.10) “nastam’ 


nastamidanim vaksyate | hrtvà hordham yasya kasyacit chandasah sambhavati dasa satam 
sahasratamam va darsayetyukte tenokta ya samkhya tavanti riipani vinyasya tadardhamapaniya 
laghumekam nyasya punah punarevam karyah | 


“Now, let nastam be told. Dividing into half, (put down) L, when asked to show which of the 
forms occurs as the tenth or the hundredth or the thousandth (in the listing), Putting down the 
digits of the given number, obtain its half, put down one L and repeat again and again.” 


datvaikam same bhah (6.11) “When (made) even after providing one, Gs.” 


ardhe punarhniyamane yadi visamata syat tata evaikam dattvà samatam krtvà 
tato rdhamapaniya gurumekam vinyasya punah punarevam karyah | yavaddidraksitasya 
chandaso’ksarani paripurnani bhavanti tavadevam krtvà idam tadvrttamiti darsayet | 


“If during repeated halving, there occurs oddness (odd number), then creating evenness by 
giving (adding) one, after that, obtain half, put down one G and repeat again and again. Continue 
until the desired syllables of the meter have been competed, thus that form is to be exhibited.” 


3.2.4 Virahanka 


etavatyanke kataradvrttamiti nastam bhavati | 

tajjanihi vrttam katame sthana ityuddistam || (6.30) 
visamankesu ca camaram samesu sparsam sthaàpaya vrttànam | 
ardhamardhamavasvaskate nastanke sarvakatakani || (6.31) 
yatra ca na dadati bhagamekam datvaà tatra pindaya | 

bhage datte ca sphutam mrgaksi nastam vijanihi || (6.32) 


“Nastam is (the question): What is the form, given such a number (that is, its serial number)? 
(Conversely), uddistam is: if you know the form, what is its place (in the listing)? 

When the form's number is odd, put down G, L when even. (The first compund word of the 
second line is somewhat garbled, but the commenrary makes the meaning clear.) Halving 
repeatedly until number 1 is reached, (fill the the rest of the form with) all Gs. (In the above 
procedure) whenever it is not possible to halve, (that is, the number is odd), add one and then 
halve. Know the true nastam, O deer-eyed!” 
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3.2.5 Mahavira 
nastankardhe laghuratha tatsaikadale guruh punah punah sthanam | (5.334 +) 
“Given the serial number of the unknown form, if it is (can be) halved, (write) L, if one has to be 


added in order to be halved, G. Place (syllables) repeatedly (in this manner) (until the requisite 
number of syllables have been written down.)” 


Note that this is merely a rewording of his verse 5.334. 


3.2.6 Jayadeva 


naşte yavatitham syadvrttam samsthapayettamevankam | 
ardhenavachindyatsamam hi krtvetaratsaikam || (8.4) 
evam hi kriyamane saike gurvaksarani labhyante | 
itaratra laghünyevam pranastamutpadayedvrttam || (8.5) 


“In the case of nastam, for a given serial number, establish the corresponding form. Halve the 
number after making it even by adding one if necessary. While doing this, put down Gs when 
one is added, Ls otherwise. Thus is obtained the missing (unknown) form." 


3.2.7 Jayakirti 
prcchakavrttamitankam dalayellaghu samadale likhedguru visame | 


saikatvacchandomiti janayediti nastavrttarupakamankat || (8.7) 


“When asked for the form corresponding to a given serial number, (repeatedly) halve the 
number, writing down L if the number is even. In the case of odd number, add one (before 
halving) and write G. Generate the missing (unknown) form corresponding to the given serial 
number in this way." 


3.2.8 Kedara 


nastasya yo bhavedankastasyardhe 'rdhe same ca lah | 
visame caikamadhaya tadardhe rdhe gururbhavet || (6.3) 


“When given the serial number of a missing (form), whenever halving even, (write) L and 


whenever halving odd after adding one, (write) G." 


3.2.9 Hemacandra 


nastankasya dale lah saikasya gah || (8.4) 


"(Repeatedly) halving the serial number of a missing form, L (if the number is even), G if 
(halving) after adding one." 
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nastanke ganairhrte sesasankhyo gano deyo 
rasisese labdham saikam || (8.5) 


(Nastam in the case of ganachandah) “Given the serial number of a missing form, repeatedly 
divide by (the number of forms of its individual) ganas (feet), and write down the form of the 
gana whose serial number is given by the remainder. (If the remainder is zero, it is considered to 
be equivalent to the divisor.) (If the remainder is not zero), add one (to the quotient).” 


3.3 UDDISTAM 


3.3.1 Pingala 


pratiloma-ganam dvih | ddyam (8.26): “opposite direction times two L first.” 


Proceeding from right to left (and with initial value one), starting at first L (successively) double. 
(here, ganam should be gunam.) 


tatah gi ekam jahyat (8.27): “(However,) there, if G (is encountered), subtract one (after 
doubling).” 


Example: LGLG 
Initially, n=1. 
start at the last L: LGLG, get n = 2 
The next letter is G: LGLG, Get n = 2x2-1=3. 
The next letter is L: LGLG, Get n = 2x3=6. 
Done 


3.3.2 Bharata 


antyad dvigunitadrupad dvidvirekam gurorbhavet | 
dvigunanca laghoh krtvà samkhyam pindena yojayet || (121) 


“From the end, (starting from) one multiplied by two, repeatedly doubled, remove one from Gs 
(doubling).” 


“From multiplication by two, obtaining (numbers associated with) L, calculate the (serial) 
number by aggregating.” 


The verse clearly describes Uddistam. Abhinavagupta treats this as single algorithm, but the two 
lines clearly describe two different versions. The first line is a somewhat simplified version of 
Pingala’s algorithm except that bhavet does not fit. Alsdorf’s version has the word haret instead 
which make sense. The second line may be interpreted as an abbreviated alternative algorithm, 
described more fully by Mahavira (see below.) In fact, instead of translating the verse as given, 
Abhinavagupta merely substitutes the full algorithm as given by Mahavira, Jayadeva and 
Jayakirti and it runs as follows: (starting at the beginning of the verse), multiply one by two and 
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then repeatedly multiply by two, delete the numbers associated with Gs in the verse, add 
numbers associated with Ls, finally, extend the sum (by one). (In Bharata’s version, the last step 
is missing.) For example, consider the combination LGLG. We get the sequence 1,2,4,8. Throw 
out 2 and 8, add 1 and 4: we get 5. Increase 5 by 1 to get 6 which is the index of LGLG. 


evam vinyasya vrttanam nastaoddistavibhagatah | 
gurulaghvaksaraniha sarvachandassu darsayet || (129) 


“By putting down here GL syllables of forms in the case of all meters by appropriate means, 
Nastam or Uddistam, exhibit (them)." 


This is perhaps to suggest an alternate way to list all the forms of a meter as later described by 
Mahavira (see below.) Simply apply nastam to all the indices serially. 


3.3.3 Janasraya 
uddistam (6.12) *uddistam" 


uddistamidanim vaksyate | “Now, let uddistam be told.” 


dvigunam dvigunam vardhayetpratilomatah | (6.13) 
kasyacicchandaso yatkincidvrttam vinyasyedam vrttam katamadityukte tasya vrttasya- 
ntyaksaradarabhya dvi catvaryastau sodasa iti pratilomato dvigunam dvigunam vardhayet | 


“Increase by repeatedly multiplying by two in reverse manner (from the end to the beginning.) 
Put down some form of a meter. When asked after writing down some form of a meter, which 
form (in the enumeration) it is, beginning at the last syllable, increase (one), (to) two, four, eight, 
etc. by repeatedly multiplying by two proceeding in reverse order." 


ekahanirbhe | (6.14) *Subtract one in case of G." 


evam pratilomato vardhayato gurau vardhite ekena hanih karya | evam krtva yathalabdha- 
samkhyavasadvaktavyamiti | 


“Going in reverse order in this way, in case of the long syllable, after increasing (by doubling), 
subtract one. Having done this, announce the number thus obtained (as the serial number of the 
form)." 


ayamekastüpadesah (6.15) “Here (is) one more instruction (lesson).” 
tatra sarvesàm chandasam vrttesu vidhivat prastaritesu tatradyamardham gurvantam bhavati | 
aparamardham laghvantam | tatra laghvante uddiste vrtte uttarardhe vrttamiti jnatva tasyottara- 


rdhavrttasyantyaksarat prabhrti dvigunam vardhite purvavadekahanim krtvà 
achando 'ksaraparisamapteh pürvardhavrttàni ca vaktavyaniti | ayam trtiyasya kramah | 
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"(Janasraya now attempts to explain the algorithm.) In all forms of a meter, when listed 
according to the algorithm, there, the first half has G at the end. The other half (has) L at the end. 
Therefore, when an L-ending form is indicated, realizing it as a form in the second half, 
beginning from the last syllable of the form from the second half, multiplying by two, (and) in 
case of G, subtracting one after doubling as before, until the end of (all) the syllables of the 
meter. The forms of the first half to be spoken of similarly." 


3.3.4 Virahanka 
antam sparsam grhitvà dvigunaddvigunesu sutanu varnesu | 


ekaikam camaresu muncoddiste chate || (6.34) 


“O slender, O slender-waisted, when performing uddistam, starting from the last L, repeatedly 
double for each syllable, subtracting one if the syllable is a G.” 


(Verses 6.36-6.40 deal with nastam and uddistam of ganachandah. See Hemacandra below.) 


3.3.5 Mahavira 


rüpaddvigunottaratastuddiste lankasamyutih saika || (5.335) 


“To find the serial number of the indicated form, write down the geometric series starting with 
one with common ratio equal to 2 (above the syllables of the form). Add one to the total of 
numbers above Ls in the form." 


3.3.6 Jayadeva 


uddistam katithamidam vrttam samsthapayedupari tasya | 
sthanadvigunanankanekadinaksarakramasah || (8.6) 

ye santyupari laghüni tesam tairmisritaistu yo rdasih | 
bhavati gataistavadbhih prastaravidhau tu tadvrttam || (8.7) 


*What is the serial number of this form? Place above each of its location, in the order of the 
syllables, double numbers starting with one. (This generates the sequence, 1,2,4, . . .) Add all the 
numbers that are above Ls. The number next to the total (that is, total +1) is the serial number of 
that form in the enumeration." 


3.3.7 Jayakirti 


rüpitavrttapratigalamekadidvigunitah syurupari tadankan | 
lagatansaikanyuktva tavatitham vrttamiti vadetprastare || (8.8) 
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“Above each G and L in a given form, let there be numbers (obtained by) repeatedly doubling 
the intial 1. The sum of numbers in place of Ls with one added is the (location of) the form in the 
enumeration." 


3.3.8 Kedara 


uddistam dvigunanadyaduparyankansamálikhet | 
laghustha ye ca tatrankastaih saikairmisritairbhavet || (6.4) 


"Starting from the beginning (of the form), write successively double numbers above (syllables 
of) the entire form. The sum of those numbers which are above Ls togetherwith one 
is the uddistam (serial number). 


3.3.9 Hemacandra 
uddiste 'ntyalladdvirgekam tyajet || (8.6) 


“To find the serial number of a given form, starting with the last L in the form, (going in reverse 
order), successively double (the initial one), subtracting one when G (is encounterd).” 


adyamantyena hatam vyadhastanam || (8.7) 
"(This verse deals with ganachandah.) Starting from the end, successively multiply (the number 


of forms of each gana), subtracting (after each multiplication) the number of forms of the gana 
following (the given form of the gana in the list of all forms of the gana).” 


3.4 LAGAKRIYA 


3.4.1 Pingala 


As mentioned in the Introduction, Halayudha interprets the repetition of the sūtra “pare 
purnamiti” as an instruction for the construction of meru-prastara. This seems to me very far- 
fetched. (See the section on Sankhya below.) The following sūtra quoted by Weber occurs in the 
Yajur recension of the Chandahsastra, but not in its Rk recension nor in Halayudha's version. 


ekottarakramasah | pürvaprktà lasamkhya || 
“Increasing by one, step-by-step, augmented by the next, L-count.” 
This occurs just before the sūtra (8.24) in Halayudha. As discussed in Section 2.4, Weber cannot 


make any sense out of this. The sūtra is most likely a cryptic /agakriya. It has the elements of 
the algorithm given more fully Bharata below. For a fuller comparison, see Section 2.4. 
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3.4.2 Bharata 


ekadhikam tathà samkhyam chandaso vinivesya tu | 

yavat purnantu purvena pürayeduttaram ganam || (124) 
evam krtvà tu sarvesam paresam purvapuranam | 
kramannaidhanam ekaikam pratilomam visarjayet || (126) 
sarvesam chandasamevam laghvaksaraviniscayam | 

janita samavrattanam samkhyam samksepatastatha || (127) 


“Put down (a sequence, repeatedly) increased by one upto to the number (of syllables) of the 
meter. 

Also, add the next number to the previous sum until finished. 

Also after thus doing (the process of) addition of the next, (that is, formation of partial sums) of 
all the further (sequences), 

Remove one by one, in reverse order, the terminal (number) successively. 

Of all meters with (pre)determined (number of) short syllables 

Thus know concisely the number of sama forms" 


(The first word in the texts of Regnaud and Nagar is ekadikam (numbers beginning with one) 
instead of ekadhikam (numbers increasing by one) which is what Alsdorf has. 


3.4.3 Janasraya 


laghupariksa (6.16) “Investigation of short syllables". 
laghupariksedanim vaksyate | *Now the investigation of short syllables will be spoken of". 


ekaikavrddhamacchandasam (6.17) “Increasing repeatedly by one until the end of the meter." 


ekaikavrddhànya- 

ksarastha(na)ni didrksitam chando 'ksarapramani kramat nyasyàni | evam vinyasya pürvam 
pürvam parayutamavinasyantyamapasya pürvamaksarasthanam parendksarasthanena yuktam 
kartavyam | avinasy-antyamaksrasthanam purvamevapasyanyatra nyasyet | tatah punah punah 
pürvam parayutam krtvanyatra nyastasya paratah parato nyasitavyam | antyamekamavasistam 
bhavati | tacca tesam parato nyasitavyam | evam vinyasya prathamaksarasthanamaveksya 
tadupalabdhasamkhyavasadekalaghuvrttaniyantiti vadet | evam trtiyadinaveksya 
trilaghuvrttadini brüyadityayamanyah kramah | 


“When it is desired to know the number of forms with one L or others (forms with some other 
number of Ls) belonging to some meter class, put down sequentially (numbers) increasing 
repeatedly by one, in a number of locations equal to the number of syllables in the meter. 
Repeatedly, add next number to the previous (sum), keeping (these numbers, except) discarding 
the last, (that is), combine the (content of) the location of the next syllable with (that of) the 
location of the previous syllable. Write elsewhere the undestroyed (saved) numbers, having 
removed the last number. Without destroying the location of the last syllable, discarding the 
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previous, put it down elsewhere. Then, put down further and further (columns of numbers) by 
adding again and again next to the previous and writing them elsewhere. Finally, (only the 
number) one is left. That too 1s to be written after those (earlier numbers). Written thus, 
announce that so many forms with one L according to the number obtained by observing the first 
location. Similarly, observing the third (location), speak of forms with 3 Ls and so on. 

(Now), here is another algorithm". 


The remaining text in this section is unclear. It might be an algorithm to list the forms with a 
specified number of Ls. (For example, Varahamihira has such an algorithm: Brhatsamhita, 
Adhyaya 76, Verse 22.) Here is the untranslated text. 


sabindvadyam tato dvidvih sabinduh (6.18) 
sabindu adyamaksarasthanam kuryat | panic dvigunadvigunitani didrksitam chandoksara- 
pramanani karyani | evam krtvà ekalaghuvrttadididrksayam satyam tadodhorüpam nayet | 


kramad dvirnayet (6.19) 

kramannayet | ekam dve triniti ganayannadyadarabhyantadevam nitvà yathalabdhasamkhya- 
vasadekadilaghuvrttadini vaktavyanyetavantityanena svesu rüpesu vinyastesvantyam yatha 
sthitasthanamekaikamiti dve ityuktamaksarasthanam nayediti | tàni punarvrttanidam dve iti 
jüfiasayam satyam yuktirüpani vinyasya sarüpam bindund vadet | saha rüpena vartata iti 
sarupam bindunà sardham sarüpam viganayya yathalabdhasamkhyavasadidam cedidam ceti 
vaktavyam | te te laghavastesu kasmin kasmin sthane sthità iti cet — 


sthanani tanyeva (6.20) 

tesam laghünam sthanani tanyeva bhavanti | etaduktam bhavati — yesu yesvaksarasthanesu 
rupanyavasthitani tanyeva sthanani vrttesu laghünamiti | ivamapara laghupariksà | ukta 
ekadasasya vrttasya laghavah kiyanta ityukta pürvavadaksarasthanani nyasya tàvat yavadbhih 
sabindubhih sthanairekadasasamkhya paripürnà bhavati tavantastasyaikadasasya vrttasya 
laghavo bhavanti | evam visesanamapi jneyam| atra tatsthanani tanyeva bhavanti | 


3.4.4 Virahanka 


pramukhente ca ekaikam tathaiva madhya ekamabhyadhikam | 
prathamadarabhya vardhante sarvankah || (6.7) 


ekaikena bhajyate uparisthitam tathaiva | 
paripatya muficaikaikam süciprastare || (6.8) 


tatpindyatam nipunam yàvad dvitiyamapyagatam sthanam | 
prastarapataganana laghukriya labhyate samkhya || (6.9) 


(Süci prastara) “Put down the numeral 1, in the beginning, the end and in between (as many as 


the number of syllables in the meter) and one more. Increase all the numbers starting with the 
first (as follows.)" 
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“One-by-one, add the number above (to the partial sum). In the Sūci prastara, successively leave 
out (the last number) one-by-one.” 


“The accumulation is complete when the second place is reached (until the number to be left out 
of addition is in the second place.) Laghukriya number is obtained by carrying out the 
algorithm." (Velankar interprets the last line of 6.9 to mean that all the numbers of Laghukriya 
are to be added up to obtain the total number of forms of a meter.) 


iha kostakayordvayorvardhate adhahsthitam kramenaiva | 
pramukhante ekaikam tatasca dvau trayascatvarah || (6.10) 


uparisthitankena vardhate dhahsthitam kramenaiva | 
merau bhavati ganana sticya esa anuharati || (6.11) 


sagaravarne ‘hkau dvaveva guru madhyamasthane | 
samare punareka eva merau tathaiva sücyam || (6.12) 


(Meru) *Two cells (rectangles) in a place, successively increase (the number 
of cells) below them. In the first and last cell (enter) numeral 1 in (rows) 2, 3, 4 (etc).” 


"Step-by-step, in (each) cell below, (place) the sum of the numbers in the (two) cells above. The 
calculation of the Süci prastara is (re)created in the (table called) meru (named after the mythical 
mountain). This (procedure) imitates (it.)” 


“In the case of odd number of syllables, there are two large(st) numbers in the middle, moreover, 
in the case of even number of syllables, there is only one (such) in the meru, just as in Süci 
prastara.” 


3.4.5 Mahavira 


(Mathematician Mahavira uses the modern formula for calculating combinatorial coefficients 
here instead of following the procedure used by the prosodists. This formula already appears in 
Patiganita of Sridhara in the section on combinations.) 


ekadyekottaratah padamürdhvadharyatah kramotkramasah | 
sthapya pratilomaghnam pratilomaghnena bhajitam saram | 
syallaghugurukriyeyam sankhya dvigunaikavarjita sadhva || (5.336 +) 


“(Write down) the arithmetic sequence starting with one and common difference equal to one 
upto the number of syllables in the meter above, and in reverse order below (the same sequence). 
Product of the numbers (first, first two, first three, etc.) (of the sequence) in reverse order divided 
by the product of the corresponding numbers (of the sequence) in forward order is the /aghukriya 
Total number of forms multiplied by 2 minus one is adhva.” 


For example, with n=6, we have the sequences 1, 2, 3, 4, 5, 6 and 6, 5, 4, 3, 2, 1. This gives us 
the successive combinatorial coefficients 
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4 
= 20, etc 








3.4.6 Jayadeva 


vrttaksarani yavantyekenadhikatarani tavanti | 
ürdhvakramena rupdnyddau vinyasya tesam tu || (8.8) 


adyam ksipeddvitiye dve ca trtive’tha tanyapi caturthe | 
evam yavadupantyam kuryáttvevam hi bhüyo 'pi || (8.9) 


yadadho bhavantyupantyattatprabhrti punah kramannivartante | 
ekadvitrilaghüni prathamdd guruno bhavantyeva || (8.10) 


“Put down one above the other, number of 1’s equal to the number of syllables in the meter plus 
one. Add first (top most) to the second, then second to the third, then the third to the fourth. Do 
this until you reach the penultimate place. Repeat this again and again. (At the end of the 
process), the punultimate number and the numbers below indicate (the number of forms with) 
one L, two Ls, three Ls (and so on), from the first (place), (obtain) the number of forms with all 
Gs." 


3.4.7 Jayakirti 


chandovarnanekadhikartipanutkramannidhaya(+dhasta)t | 
tattaduparyupari tatha ksipediti punah punarjahannekaikam (8.9) 
adyanta (nte?) sarvalage ekadilaghüni madhyavrttanyesu | (8.9 5) 


“Having put down number of 1’s, as many as the number of syllables in the meter plus one. Add 
repeatedly the number above, (repeat this) again and again, leaving out one (last) number one- 
by-one. The first number is the number of forms consisting of Ls and the others are (the 
numbers of) forms with one (two, three) etc. Ls." 


3.4.8 Kedara 


varnanvrattabhavansaikanauttaradharyatah sthitan | 
ekadikramasascaitanuparyupari niksipet || (6.5) 
upantyato nivarteta tyajannekaikamürdhvatah | 
uparyddyad gurorevamekadvyadilaghukriya || (6.6) 


“Place one above the other as many numeral ones as the number of syllables in the meter plus 
one. Beginning with the first number, successively add to the sum the number above upto the 
penultimate number. Leave out (numbers) one-by-one from the top. From the top, from the first 
(number), (the number of forms) with (only) G's, (then) the number of forms with one, two, etc. 
Ls." 
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3.4.9 Hemacandra 


varnasamanekakan saikanuparyupari ksipet| 
muktvantyam sarvaikadigalakriya || (8.8) 


“(Write down as many) numeral 1’s as the number of syllables plus one. Repeatedly add the next 
number above, leaving out the last. This is /agakriya for all (Ls) beginning with one.” 


adyabhedanadho 'dho nyasya parairhatvagre ksipet || (8.9) 

“(Now the extension to ganachandah.) Write down the numbers corresponding to the types of 
forms of the first gana, one below the other. Multiply them with those of the second and add the 
resulting columns. (continue the process.)" (See Alsdorf for a translation of related 


Hemachandra's commentary on this.) 


3.5 SANKHYA (S, ) 


3.5.1 Pingala 
dvirardhe (8.28) “two in case of half.” 


Ifn can be halved, write “twice”. 
rupe sunyam (8.29) "In case one (must be subtracted in order to halve), ‘zero’.” 
dvih sünye (8.30) “(going in reverse order), twice if zero’.” 


tavadardhe tadgunitam (8.31) “In case where the number can be halved, multiply by itself (that 
is, square the result.)" 


Example: n = 6 
First construct the second column in the table below. Second, going back up, construct the third 
column: 


n=6 twice (2:2°) = 64 
n=3 zero 2:2°=8 

n=2 twice 2734 

n-l zero 2 


Thus, total number S; of possible forms of length 6 is 64. 
dvird(v?)unam tadantanam (8.32) 


“twice two-less that (quantity) replaces (the sequence of counts) ending (with the current 
count).” 


Twice s, minus 2 equals sum of the series ending with S,,. 
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2S,,-2 = Si + S2 + T TS, 
pare purnam (8.34) “next full” 
pare pürnamiti (8.35) “next full, and so on.” 
That is, subsequent S,'s are full double of the previous, without subtraction of 2. 

Sal = 2Sn- 

Sütra (8.35) is a repetition of sūtra (8.34). Its interpretation by Halayudha as an instruction to 
construct the modern-day Pascal’s triangle to implement "Jagakriya" makes no sense. On the 
other hand, repeating a word or a phrase is a common usage in Sanskrit to indicate repetition of 
an action just described, namely, repeated doublings to determine the successive S,,‘s. 
To calculate sankhya of ardhasama and visama forms, Pingala gives the following algorithm 
earlier in his composition. It is tempting to conjecture that his divide-and-conquer algorithm 
(8.28-31) is inspired by the algorithm below. 
samamardhasamam visamam ca (5.2) 
“sama (equal), ardhasama (half-equal), visama (unequal).” 
samam tavatkrtvah krtamardhasamam (5.3) 
“By multiplying (the number of) sama by itself (one obtains) ardhasama.” 
Sutra 5.5 below clarifies that one has to subtract the number of sama from this. 
visamam ca (5.4) “and (similarly, the number of) visama.” 
rasyuünam (5.5) “Subtract the quantity" 
That is, subtract the quantity from its square. Therefore, the number of ardhasama is the square 
of sama minus the sama. Similarly, the number of visama is the twice-squared sama minus the 
square of sama. 
Pingala has a single formula dealing with Matrachandah: 


sã g yena na sama lam gla iti (4.53) 


“The (the number of) G (is equal to that quantity) by which the number of syllables is unequal 
from the number of matras." The formula is: #G = #matra - #syllable. 
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3.5.2 Bharata 


adyam sarvaguru jfieyam vrttantu samasamjnitam | 
kosam tu sarvalaghvantyam misrarupani sarvatah || (122) 


Abhinavagupta interprets this verse as a brief description of Lagakriya and calculation of 
Sankhya (total number of forms of a meter) therefrom. Literal translation of the verse suggests 
that this is merely a simple characterization of prastaras. The verse reads as follows, with 
"kosam" replaced by *kose" as in Alsdorf's version: “In the tabulation, sama forms are known to 
have all Gs at the beginning, all Ls at the end, mixed syllables everywhere (else)." The verse 
seems to a prelude to the next verse dealing with ardhasama and visama forms. 


vrttanantu samanam samkhyam samyojya tavatim | 
rasyunamardhavisamam samàasadabhinirdiset || (123) 


"(Replacing ardhavisamam by ardhasamam, the verse reads:) The number of sama forms, after 
multiplying by as much (squaring it), less the (original) quantity, precisely specifies the number 


of ardhasama." 


samanam visamanam ca samgunayya tathà sphutam | 
rasyunamabhijaniyadvisamanam samasatah || (125) 


“(visamanam in the first line should clearly read ardhasamanam. With that change, the verse 
reads:) (The number) of visama forms is known precisely by what becomes evident after 


subtracting the original quantity from the multiplication (by itself) of the sum of the number of 
sama forms and the number of ardhasama forms.” 


3.5.3 Janasraya 


samkhya (6.21) “samkhya (total number of forms)" 


samkhyedanim vaksyate | yasya kasyacicchandasah samavrttasamkhyadididraksayam satyam 
tasya padaksarani vinyasya tatah - 


“Let us now speak about samkhya. When it is desired to know samkhya of sama forms of a 
meter, after putting down the (number of) syllables," - 


bhardhahrte (6.22) *G when divided into half” 


vinyastanam padaksaranamardham hrtvà gurunyasah punah punarevakaryah | ardhe 
punarhniyamdne yadi visamatà syat — 


"dividing the number of syllables into half, having put down G, repeat the same again and again. 
If, when trying to divide into half, oddness occurs, -” 


ho samamapasyaikam (6.23) “L (when made) even (by) subtracting one." 


36 


ekamapasya pürvanyastasyadho laghum nyasaivam sarvanyapanayet | esa samkhyagarbhah | 


"Subtracting one, putting down L below what was put down before, (and thus) divide all 
(numbers.) This is the essence (meaning) of samkhya." 


bhe dvih (6.24) *In case of G, twice." 


laghau laghau dvidvi kuryat | tavata bhe gunayet vardhyedityarthah | uktamevartham 
nirüpayisyamah | 


“Whenever (you have) L, double. In the case of G, multiply that quantity by itself, thus increase 
(the number.) This said, we will illustrate its meaning." 


The rest of the commentary on this sütra shows that this procedure yields the number of sama 
forms of the gayatri meter which consists of 4 feet of 6 syllables each as 64. 


dyünam tadantanam (6.25) “two-less replaces ending with that.” 


taddvirityanuvartate tad gayatri samavrttasamkhyapramanam dvigunikrtam ca dvabhyam hinam 
tadantanam gayatryantanam sannam samavrttasamkhyapramanam bhavati | tattu 
sadvimsatyadhi- kasatamevam visesanamapi jneyam | samavrttadhigame brümah - samavrtto 
vargamülo gadhv-ardhasamah | samatulena gunito varga ityucyate | raginah samavargastasya 
müle gascedardh- 

samavrttadhikaranam bhavati | samavargastu catvàri sahasràni sannavatisca sa tu 
mülonascatvari sahasrani dvatrimsadadhikani | 


“follow (the rule) ‘twice that’. (The sūtra obviously refers to Pingala’s original sūtra.) 

Thus, after doubling the samkhya of sama forms of the gayatri meter and subtracting two from it, 
the (total) number of (sama forms of the first) six meters ending with the gayatri is obtained. 
Thus, 126 is known as samkhya in this particular case. Having obtained (the number) for sama 
forms, we now say: square of (number of) sama forms; by subtracting the original, (get) (number 
of) ardhasama forms. Square is defined as multiplying by the equal (the same) quantity. The 
formula for ardhasama is the square of sama (forms) of ragin (gayatri) (less the original 
(quantity). (In the case of the gayatri meter), square of sama 1s 4096, that less the original is 
4032." 


ubhayavargo visamah (6.26) “twice square visama” 


mülona iti vartate | ubhayesam samanam vrttanam vargah sa tu mülonah visama vrttapramanam 
bhavati | ubhayavargah kiyaniti cet pratiloma ekah sat saptatha sapta dve caikameva sadvargah 
samardhasamyorgayatriya kathayedbudhah mülam tu catvari sahasrani sannavatisca tena hina 
ubhayavargah | 

ekam sat sapta saptatha trinyekam dve ca sünyakam | 

pramanam visamanam tu gàyatryà laksayedbudhah || 

evamanyesam chandasam jneyam | 
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"(The rule) *Less square root' (still) applies. Subtraction of the square root from the twice- 
squred sama yields the number of visama forms. If asked how much is twice square, in reverse 
order: one six seven and two more sevens one and also six (16777216), the square of sama and 
ardhasama of gayatri, the experts say; the square root is 4096, twice-square less that (square 
root): one six seven seven again three one two and zero (16773120); the expers recognize (this) 
as the the measure (number) of visama forms of the gayatri meter. 

(The number of forms) of other meters are found similarly." 


pramanena yàvatangenaksarebhyo 'dhika bhavatiti | 


“In matrameters, vaitdliya etc, constructed by means feet of 4 matras, namely, ganga, kurute, 
vibhati, satava, nacarati, and also feet consisting of 6, 7 and 8 mdtrds, number of mātrās equals 
the amount by which twice the number of syllables exceeds the number of short syllables." 


3.5.4 Virahanka 


chando yavatsamkhyam sthapayitva sthapaya tasya padankam | 
anenaiva gunitenardhena bhavanti gurulaghavah || (6.41) 


"After putting down the number (of forms of the foot) of a meter, put down the number of 
syllables in the foot. The product of the two numbers divided by 2 yields the total number of Gs 
and Ls." 


krtvà varnagananam matra bhavanti ya adhikah | 
te guravah sesah punarlaghavah sarvasu jatisu || (6.45) 


“The number of Gs equals the excess of matras over the number of syllables. Moreover, the 
number of Ls the remainder among all the syllables." 


7G = #Matras - #Syllables; #L = #Syllables - 2G 


antimavarnaddvigunam varne varne [ca] dvigunam ku[ruta] | 
padaksaraparimanam samkhyaya esa nirdesah || (6.46) 


"Starting from the last syllable, double (the initial one) for each syllable upto the number of 
syllables in the meter. This shows the total count (of all the forms of a meter.)" 


evam ca varnavrtte matravrttanamanyatha bhavati | 
dvau dvau pürvavikalpau yà milayitvà jayate samkhya | 


sã uttaramatranam samkhyaya esa ni(r)desah || (6.49) 


“Thus for the case of syallable-(based)-forms, but it is different for the matra-(based)-forms. The 
count (of all possible forms of a matrameter) is obtained by adding (the counts of) permutations 
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of the two previous (matrameters). This is the way to the count (of total permuations) of 
succeeding matràás (matrameters)." 


Thus, we get the formula S,— S, ;- S,» which generates what is now known as the Fibonacci 
sequence. 


3.5.5 Mahavira 


samadalavisamasvarüpam dvigunam vargikrtam ca padasamkhya || (5.333) 


“Halve if the number is even; add one and halve if odd; (Going in reverse order) square the 
number (in the first case) and double it (in the second case). (Thus is obtained) the number of 
(possible forms of) a foot (with specified number of syllables).” 


3.5.6 Jayadeva 


esveva pinditesu ca samkhya prastaraviracita bhavati | 
uddistavidhanankaih saikairmisribhavantyathava || (8.11) 


“The sum of all the numbers (obtained /aghukriya) is the total number of forms constructed by 
the prastara. (Alternatively) add all the numbers written down during uddistam (above each 
syllable) and add one." 


That is, samkhya = 1+2+27+--+2"'+1, 





3.5.7 Jayakirti 
pindikrtesu samkhya saikoddistankapindità và samkhya || (8.10) 


“When numbers used in uddistam are added and the sum is increased by one, the total number of 
forms (of a meter) is obtained." 


chando 'ksare samadale sünyam nyasya visame tatha rüpam | 
rüpe taddvigunam khe vargah samavrttasamkhya syat || (8.11) 


"(Alternatively) if the number of syllables in the meter is even, halve it and put down zero. If 
number is odd, put down one (and halve after subtracting one.) (Continue until one is reached.) 
(Going backwards) if (the number that was put down) is one, multiply by 2; if it is a zero, square 
the number. The total number of sama forms is (thus) obtained.” 


jnatasamavrttasamkhya tattadgunato 'rdhasamakasamkhya mülat | 
tattadgunatsamülardhasamamitervisamavrttamitirapamüla || (8.12) 


“The known count of sama forms multiplied by itself equals the count of ardhasama forms 
including the original (sama forms). That ardhasama, combined with the original (sama forms) 
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(and) multiplied by itself, is the count of visama forms after the original (that is, the quantity that 
was squared) is subtracted.” 


jatyamhricatuske pratiganam ksipettatra sambhavadganasamkhyam | 
guna(+ye)danyonyam tatsamkhya syatsarvajatisamkhyeti mata || (8.14) 


“In the case of matrameters with four feet, write down the number of possible forms for each 
foot. Multiply these numbers. The product is the approved samkhya of matrameters." 


jatermatrapinde svaksararahite krte sthita guravah syuh | 
gururahite 'ksarasamkhyà laghurahite 'rdhikrte tu gurusamkhya syat || (8.16) 


“In the case of matrameters, number of mdtrds minus the number of syllables is (the number of) 


Gs. The number of matrás minus the number of Gs (is) the number of syllables. The number of 
matras minus the number of Ls, halved, gives the number of Gs." 


3.5.8 Kedara 


laghukriyankasamdohe bhavetsamkhya vimisrite | 
uddistankasamaharah saiko và janayedimam || (6.7) 


“Samkhya is obtained by adding together the numbers obtatained by /agakriya. Alternatively, it 


may be obtained by adding one to the sum of uddistam numbers." 


3.5.9 Hemacandra 
te pinditàh samkhyah || (8.10) 


“Samkhya is the sum of those (obtained by lagakriya).” 
varnasamadvikahatih samasya || (8.11) 


"(Alternatively) (The number) of sama forms (is) the product of as many 2's as there are number 
of syllables." 


te dviguna dvihinah sarve || (8.12) 


“That number multiplied by 2 (and then) reduced by 2 (is) all.” (That is, the number of all sama 
forms of meters with syllables from 1 upto the number of syllables of the present meter.) 


samakrti rasyüna ardhasamasya || (8.12) 
"Square of the sama forms minus the original quantity is the number of ardhasama forms." 


tatkrtirvisamasya || (8.14) 
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"Square of that (minus the original quantity) is the number of visama forms." 
vikalpahatirmatravrttanam || (8.15) 


“The number of forms of a matrameter (is) the product of number of forms (of its individual 
feet)." 


ankantyopantyayogah pare pare matranam (8.16) 
“The sum of the last and the one before the last is the number of forms of the next mdatrd-foot.” 


This is the formula S,—5,.;-S,.» given by Virahanka earlier. 


3.6 ADHVAYOGAH 


3.6.1 Pingala 

Halayudha’s version of Pingala's Chandahsástra does not include this 6" pratyaya, but Weber 
quotes the following sūtra from the Yajur recension of the Chandahsastra (occurring just before 
the sūtra corresponding to sūtra (8.24) in Halayudha): 

angulaprthuhastadandakrosah | yojanam ity adhva || 

“angula ( finger), prthu (palm), hasta (hand), danda (staff), krosā (shout), yojana, thus space.” 
Weber also quote the following sütra from the Rk recension occurring between (8.32) and (8.33). 
ekone 'dhvà 

“when one (is) subtracted, space” 

Clearly, both refer to adhvayogah. The Yajur version lists units of measurements and ends with 
“thus space" without telling us how to compute it. The Rk version gives the actual formula, 
"Space when one is subtracted”. That is, to obtain the amount of space required to write down 


all the forms of a particular meter, double the total number of forms and subtract one. The 
formula allows the writer to leave space between successive forms. 


3.6.2 Bharata 
Bharata omits adhvayogah. 


3.6.3 Janasraya 
adhva |6.277) “Space.” 
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adhava idanim vaksyate | “Now speak about space” 
vrttam dvirekonam | (6.28) “(The number of) forms twice less one.” 


vrttani dvigunikrtani ekena hinani adhvapramànam bhavati | sarvesam chandasam tatra 
gayatryà adhvayogam darsayisyamah | asyah sarvani vrttani dvigunikrtani — 

tani trnyatha pancapi panca catvari tattvatah | 

catvari trni capyevam pramitanyangulani vai || 


“The measure of space is twice the (number of) forms less one. Among all meters, we will 
illustrate the space calculation of the space for gayatri. Multiply by two (the number of) all of its 
forms (and subtract one): Indeed, they exactly measure two three’s five five four four three and 
one (33554431.)” 


angulamastau yava dvadasamgulani vitastihasto dvau hastau kiskudhanuh dhanuh sahasre dve 
krosascatvarah krosa yojanam | 


“Two Eights (16) yavas (grains of barley) (equals) an angula (finger), twelve angulas measure a 
hasta (hand), two hastas (equal) a kiskudhanu (forearm-bow), dhanu when two thousand 
(equals) krosa (shout), four krosas (equal) a yojana.” 


(In the next paragraph in coverting 33,554,431 angulas converted into yojanas, a different 
conversion table is implicitly assumed: 1 hasta = 24 angulas, 1 dhanu = 4 hastas, 1 yojana = 
8000 dhanus.) 


tanyangulani hastasya samkhayà trayodasalaksani mannuv(?)dasasatam caikasaptamgulani | 
dhanuh samkhaya trini laksani catvaryayutàni nava sahasrani ca pancasatani paficavimsatisca | 
vimsatisca(?) hastascaikah yojanasamkhaya trayascatvarimsadyojanardhayojanasca dhanusam 
sahasrani pancavimsatyadhikani pañca satàni ca saptanguladhiko hastascaika iti sabhaha ca 
yena- 

ksarebhyo 'dhikà sa khalu gururbhavati | 


(Dividing) by the number of arigulas in a hasta, (33,554,431 angulas equal) 1,398,101 (hastas) 
and 7 angulas. (1,398,101 divided) by the number of hastas in a dhanu (equals) 349,525 
(dhanus) and 1 hasta. (Dividing) by the number of dhanus in a yojana, (the final result is) 43⁄2 
yojanas, 1525 dhanus, 1 hasta and 7 angulas. Thus, the length of that which is constructed with 
the two syllables, G and L, is indeed obtained." 


A hasta of 24 angulas must measure at least a foot. Assuming that, the space requirement of 
1,398,101 hastas amounts to about 265 miles! 


3.6.4 Virahanka 


caturangulasca ramastribhih ramaih janihi vitastim | 
dvau vitasti hastascaturhasto dhanurdharastatha || (6.56) 
dve eva dhanuhsahasre krosasya bhavati parimanam | 
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krosa astau tathaiva yojanasamkhya vinirdistà || (6.57) 


"4 Angulas (fingers) = 1 Rama; 3 Ramas = 1 Vitasti; 2 Vitastis = 1 Hasta (hand); 4 Hastas = 1 
Dhanu (bow); 2000 Dhanus = 1 Krosa; 8 Krosas = 1 Yojana.” 


ekangulam ca runaddhi camarah sparsopyangulam caiva | 
camarasparsantarale ekamevangulam bhavati || (6.58) 


“A G covers one angula and an L also covers one angula. The space between (syllables) G, L is 
one angula. 


3.6.5 Mahavira 
Mahavira includes this in his verse (5.336 +) dealing with /agakriyá where he also calculates the 
total number of forms of a meter. 


dvigunaikavarjita sadhvà || (5.3364) 


“Total number of forms multiplied by 2 minus one is adhva.” 


3.6.6 Jayadeva 


dvabhyam samahata samkhya rüpenaikena varjità | 
chinnavrttangulavyaptiradhvayogah prakirtitah || (8.12) 


“The amount of space measured in angula (fingers) occupied by all the (written) forms including 
the space between successive lines is twice the samkhya (of a given meter) minus one. This is 
known as adhvayoga." 


3.6.7 Jayakirti 


chandahsamkhya hata dvabhyamekarüpavivarjità | 
chinnavrttangulavyaptiradhvayogo bhavediti || (8.17) 


“The amount of space measured in angula (fingers) occupied by all the (written) forms including 
the space between successive lines is twice the samkhya (of a given meter) minus one. This is 
adhvayoga." 


mandavyapingalajanasrayasaitavakhya- 
sripadapüjyajayadevabudhadikanam | 
chandamsi viksya vividhànapi satprayogan 
chando 'nusásanamidam jayakirtinoktam || (8.19) 
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"After studying variously employed meters of Revered Jayadeva, the first among the wise, 
expounded by Mandavya, Pingala, Jandsraya, (and) Saitava, this (is) Chando 'nusasana narrated 
by Jayakirti.” 


3.6.8 Kedara 


samkhyaiva dvigunaikonà sadbhiradhva prakirtitah | 
vrttasyangulikim vyaptinadhah kuryattathangulam || (6.8) 


“samkhya multiplied by two less one is known as the space (required by) all (of prastara). The 
width of one form is one anguli (finger) and below it make (space of) another anguli (allowing 
space between successive forms.)" 


3.6.9 Hemacandra 
dvighnanekadhvayogah || (8.17) 


"twice (samkhyd) minus one (is) the space (required to write down the entire prastara).” 
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